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Introduction

T HE accurate sensing of surface pressures on hypersonic � ight
vehicles presents formidable measurement challenges. The

hostility of the sensing environment precludes intrusion into the
� ow, and measurements must be obtained via sizable lengths of
small-diameter pneumatic tubing that connect the surface ports to
the remotely located pressure transducers. An idealized pneumatic
layout is depicted in Fig. 1. Further complicating the sensing prob-
lem is surface boundary layer heating,which causes sizable temper-
ature gradients within the pneumatic tubing. Away from the stagna-
tion region, local surface pressure levels, which must be sensed, are
extremely low, often less than 0.002 atmospheres (0.2 KPa). The
combination of very low pressure levels, small diameter pneumatic
lines, and large temperature gradients makes molecular effects no
longer negligible.

The problem of predicting tube � ow dynamics has been studied
extensively. For nonrare� ed conditions, Lamb,1 Iberall,2 Schuder
and Binder,3 and Hougen et al.,4 have developed closed-form fre-
quencydomain solutions for simple tubing geometries and constant
wall temperatures.Berg and Tijdeman5 and Tijdeman6 extended the
analyses of Refs. 3 and 4 to develop a recursion formula for com-
plex geometriesthat consistof cascadesof tubesandvolumes.Parrot
and Zorumski7 investigated the dynamic transmission of sound in
a simple geometry tube subjected to very large temperature gradi-
ents. References 1–7 considered only continuum � ow conditions;
rare� ed � ow effects were not investigated. Tube � ow for rare� ed
conditionsat high temperatureswith large temperaturegradientshas
been investigated by Maxwell,8 von Knudsen,9 and Tompkins and
Wheeler.10 These rare� ed � ow investigations,however, considered
only steady-� ow conditions.

The dynamic in� uence of rare� ed � ow phenomenaon pneumatic
pressure sensing systems has not been generally well understood;
consequently, research was initiated at the NASA Dryden Flight
Research Center with a primary objective to develop a dynamic
response model for pneumatic pressure sensing systems that is ap-
plicable to both continuumand rare� ed � ows. Whitmore et al.11 pre-
sented a detailedanalyticaldevelopmentand empiricalvalidationof
one such model. This Note summarizes the information presented
in that text.

Mathematical Analysis
The model of Berg and Tijdeman5;6 is extended to allow for rar-

e� ed conditionsby modifying the wall boundarycondition to allow
� uid elements to “slip” and � ow at the tube wall. This boundary
condition contrasts to the classical “no-slip” condition used for
continuum � ow mechanics. “Slip-� ow” conditions correspond to
values of the Knudsen number that lie between 0.01 and 1.0. The
Knudsen number is de� ned as the ratio of the molecular-mean free
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path distance ¸, the average distance each � uid particle travels be-
tween collisions and the characteristicscale length of the system. If
the scale length of the system is taken to be the tube radius R, the
Knudsen number can be approximated by the expression12

· ¼ Rg¼.¹=R/.
p

T =P/ (1)

where ¹ is the dynamic viscosity, Rg is the universal gas constant,
T is the gas temperature,and P is the local pressure.For hypersonic
and orbital applications, typical Knudsen number variations from
0.05 to 0.50 are experienced at high altitudes. Other than the wall
boundary condition modi� cation, the classical equations of � uid
motion apply in the slip-� ow regime.

For slip-� ow conditions, the � uid velocity at the wall boundary
can be decomposedinto two parts: the thermomolecular“creep”ve-
locity, and the slip-velocity.12 The molecular creep velocity is pro-
portionalto the local longitudinaltemperaturegradientand inversely
proportional to the local pressure. The slip-velocity is proportional
to wall shearing stress. The modi� ed wall boundary condition may
be written as
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where ¹0 and NP0 are longitudinalaveragesof viscosityand pressure.
The U is longitudinalvelocity,r is the radial coordinate,and @T=@ x
is the longitudinal temperature gradient.

In Eq. (2) the molecular creep is caused by gas molecules origi-
nating from the hot region of the tube having higher kinetic energy
thanmoleculesoriginatingfrom thecold region.The result is that the
hot-end molecules recoil from collisionsmore strongly, and the gas
molecules at the wall acquire a net tangential momentum toward
the hot end of the tube. To balance this wall-� ow gas molecules
near the center of the tube (away from the real-gas effects) migrate
toward the colder end of the tube, with the result being no net cross-
sectional � ow in the tube. For high-Knudsen-number� ows the wall
creep-�ow dominates, causing the pressure in the cold region of the
tube to read lower than the pressurein the hot region. The parameter
# is an empirical factor de� ned as the slip distance, and accounts
for the reduced � uid viscosity under rare� ed � ow conditions. The
ratio of slip distance to the mean free path, kratio D #=¸, for various
materials and gases are tabulated by Kennard.12 For conventional
metals kratio is approximately unity. For ceramic materials such as
quartz glass, kratio is approximately 1.25.

Following the procedure laid out by Berg and Tijdeman,5;6 the
equationsof motion are linearizedusing small perturbations,and the
energy equation is decoupled from the momentum and continuity
equationsby assumingthat the wave expansionprocess in the tube is
polytropic,a simpleenergymodel that relatespressure, temperature,
and density13;14:

P D K½» (3)

The polytropic expansion parameter » has limiting values given by
1 < » < ° , where ° is the ratio of speci� c heats. Values of » D 1
correspond to an irreversible expansion, and » D ° corresponds to
an isentropic expansion.The boundary value equations are radially
averagedand solved assuming gas properties remain constant along
the lengthof the tube.This fundamentalsolutionis used as a building
block for complex solutions where � uid properties and tubing ge-
ometry may vary longitudinally.The problem is solved recursively
assuming n solution nodes starting at the transducer end (nth node)
and working toward the surface end (0th node) of the tube. Using
the recursive formulas, solutions for arbitrarygeometries and longi-
tudinal temperaturepro� les are constructed.The resulting recursive
formula for the frequency response of the pressure sensor is
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Fig. 1 Idealized schematic of pressure sensor con� guration.

Fig. 2 Schematic of experimental apparatus.

where the parameter Ve is the effective volume and accounts for
the entrapped volume at the i th node plus the impedance of the
downstream tubes and volumes:
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The parameter0p is referredto as thewavepropagationfactor5;6;11 and is evaluatedby

0p ´
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As developed by Berg and Tijdeman,5;6 the variation of » as a
function of the fundamental � ow parameters is given by
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In Eqs. (4–7) the symbol de� nitions are j D
p

¡1; c D sonic veloc-
ity, Ac D tubecross-sectionalarea, PL D pressureat transducer,½0 D
longitudinally averaged density in tube, ·p D 1 C 4 j!¹=.3» NP0/
D rare� ed � ow correction factor for the bulk viscosity, ! D radian
frequency of unsteady input pressure, ® ´ j 3=2p

.!½0 R2=¹0/ D
shear wave number, J0 D zeroth-order Bessel function, J1 D � rst-
order Bessel function, J2 D second-order Bessel function, and Pr
D Prantl number. At the nth node, Vn D the volume entrapped by
the pressure transducer. If the rare� ed � ow terms are dropped from
Eqs. (4–7), then the algorithmreducesexactlyto the recursionmodel
developed for continuum � ow by Berg and Tijdeman.5;6 As men-
tioned previously,Whitmore et al.11 presented a detailed derivation

of Eqs. (4–7) and an extensive dynamic validation of the model for
continuum � ow conditions with large temperature gradients.

Model Validation
The steady-state behavior of the dynamic model was analyzed

by applying the � nal value theorem15 to Eqs. (4–7). The resulting
expression is nondimensionalizedand written as a function of the
longitudinallyaveraged Knudsen number ·0:
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In Eq. (8), @ P=@x and @T=@ x are the longitudinal pressure and
temperature gradients in the tube. Because it is impractical conduct
controlled frequency response experiments for rare� ed conditions,
the steady-state analysis is extremely important because it is the
best available means of evaluatingthe validity range of the dynamic
model presented in Eqs. (4–7).

A series of steady-state laboratory tests were conducted to deter-
mine the upper limit of ·0 for which the model is valid. The test
apparatus is depicted in Fig. 2. Tests were performed in an evacu-
ated vacuumoven.Here, aluminumrods were boredwith holes, and
an assortment of brass tubes of varying diameters and lengths was
press-� t into the holes.The aluminumrods provideda thermal mass
to distributethe heatevenlyalongoneend of the tubing.Thermocou-

ples bonded to each end of the tube were used to sense temperatures
and the temperaturegradientalong the tube.The cold end of the tube
was hermetically bonded to a compression � tting that allowed the
heated tube to be accessed from outside the chamber. The chamber
pressure was measured using a McLeod vacuum gauge16 and the
differentialpressure in the heated tube was measured using a highly
sensitive Vernier manometer.16

The ovenproved suf� cient to allow temperaturegradientsas high
as 1340±C/cm, and chamber pressuresas low as 100 ¹m of mercury
(0.013 kPa). The resulting values for ·0 varied from near zero to
approximately 10.0. Dividing the normalized pressure differential
in the tube by the normalized temperature differential, the data was
collapsed into a single curve by plotting the result as a function ·0.
These data are plotted in Fig. 3 along with the model steady-state
predictions.Comparisonsare good for ·0 up to approximately0.65.
For ·0 > 0:65 free molecule effects dominate and the model rapidly
divergesfrom thedata.This divergencepointmarks the upperbound
on the model’s usefulness. Fortunately, it appears that the model is
valid for most of the slip-� ow regime.
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Fig. 3 Comparison of the steady-state model response to experimental results.

Conclusion
This Note reports on the development of a dynamic model for

pressure sensingcon� gurations in high Knudsen number � ows. The
model, applicable to both continuum and rare� ed � ow conditions,
allows for longitudinal temperature gradients in the sensor con� g-
uration. The applicable � ow regimes for the model were evaluated
by a series laboratory tests. Model comparisons are excellent for
Knudsen numbers up to 0.65. For values of ·0 > 0:65, free molecule
effects dominate, and the model is no longer valid. The model rep-
resents a fundamental contribution to the understandingof � ow be-
haviorat the limits of the continuum� ow regime. The model allows
instrumentation designers to evaluate the responses of pneumatic
systems over a wide range of � ow conditions that may vary con-
tinuously from continuum to slip-� ow. Other potential applications
outside of aerospace include predicting the behavior of microma-
chined � uid systems where the mean free path of the working � uid
is on the order of the channel diameter.
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I. Introduction

T O describethedamageprocessof delaminatedcompositesup to
� nal failure,bifurcationbucklinganalysismightnotbe enough,

and a postbuckling analysis may be required because composite
laminates have load-carrying capacity above the buckling loads.
Three-dimensional elasticity models1 or layerwise plate models2

are adequate to predict postbuckling behaviors of multiple delam-
inated composite laminates. However, these kinds of analyses re-
quire large amountsof computerresources.Thus, for an engineering
analysis to save computing time and memory, a global– local anal-
ysis is a suitable choice for compromising accuracy and ef� ciency.
However, the postbucklingproblemsfor the laminates with multiple
delaminations are not reported in the global–local approaches.

The failure analysis of delaminated plates is quite complicated
because it includes postbuckling load increments, iterations of de-
lamination zone propagation, and a contact algorithm between de-
laminated interfaces.Thus, the numericalanalysisof a failuremech-
anism involves multistep nonlinear iterations. To treat this whole
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